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Abstract
Lens spaces arise from free periodic maps in odd-dimensional spheres. They admit free actions of
the circle group. We show that such actions bear a certain resemblance to the standard circle actions
in odd-dimensional spheres. In particular, the S1-indices of such actions are the same as those of the
corresponding S1-actions in the spheres. We note, however, that the constructions of in this paper
have no analogue in the case of S3-actions in lens spaces of dimensions of the form 4n+ 3.  2002
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1. Lens spaces
Definition. Let S2n+1 be the unit sphere in the complex (n+ 1)-dimensional space Cn+1.
Let e :R→ S1 be the exponential map given by e(x)= e2πx
√−1 for x ∈ R. Suppose that
p is a natural number. Let T :Cn+1 → Cn+1 be the scalar multiplication by the pth root
of one, e( 1
p
) = e±2π
√−1/pz; i.e., T (z) = e( 1
p
)z for z ∈ S2n+1. The map T generates the
standard complex representation of the cyclic group Zp . It is a complex unitary map of
period p acting freely on S2n+1. The orbit space L2n+1p = S2n+1/T is the lens space
(corresponding to the period p); it is a closed (2n+ 1)-manifold. In particular, if p = 2
then L2n+12 is just the real projective (2n+ 1)-space P 2n+1.
Remark. The lens spaces are usually understood in a more general sense by allowing
T to act through different powers of e2π
√−1/p on different coordinates of z (see [1]).
The homology groups of the resulting spaces depend only on p, but their homotopy
classification is more complicated. They provide good examples of simple homotopy
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equivalence. In this paper we confine ourselves to the special case of L2n+1p . In this case
the map T has a geometric meaning being just scalar multiplication. This fact is relevant
in extending the results of this note to bundles of lens spaces.
In [5] we studied free involutions in lens spaces. We showed that if p is odd then their
indices with coefficients in Z2 were the same as those of the antipodal involution in S2n+1.
In the present paper we carry out a similar study free S1 actions in lens spaces and in
bundles of lens spaces. We show that the indices of these actions are the same as those of
the standard circle actions in S2n+1. Unlike in the case of involutions in L2n+1p , the parity
of p for circle actions is not an issue, so our results apply, in particular, to real projective
spaces.
Referee suggestions and comments on the original version of the paper have led to
a considerable simplification of some arguments in Section 3. Those suggestions are
gratefully acknowledged.
2. A circle group action in lens spaces
The scalar multiplication of z ∈ S2n+1 by e( x
p
), where x ∈ R, defines a group
homomorphism g :R→ Aut(S2n+1) which commutes with the periodic map T :S2n+1 →
S2n+1. Thus g defines a homomorphism g¯ :R→ Aut(L2n+1p ), i.e., an action of R on
L2n+1p . If x ∈ R is an integer, then e( xp ) = (e( 1p ))x , hence the integers in R act trivially
on L2n+1p . Therefore g¯ factors through the exponential map e :R→ S1 and so it defines a
homomorphism h :S1 → Aut(L2n+1p ), i.e., an action of S1 on L2n+1p . Explicitly this action
is defined as follows. If s ∈ S1 and x ∈ R is such that s = e(x) then s · [z] := [e( x
p
)z],
where z ∈ S2n+1 and [z] is the orbit of z in L2n+1p .
Proposition. The S1-action in L2n+1p defined above is free.





))kz for some integer k. Since at least one coordinate of z must be different








). This implies that x/p−k/p is
an integer, say, (x − k)/p =m ∈ Z. Thus x =mp+ k is an integer and s = e(x)= 1. ✷
Suppose that G is a group acting on a space X. We will denote by X = X/G the orbit
space of the action.
Lemma. The orbit space L¯2n+1p of the S1-action in L2n+1p is homeomorphic to the complex
projective n-space PnC.
Proof. Consider the orbit maps ρ :S2n+1 → PnC, α :S2n+1 → L2n+1p and π :L2n+1p →
L¯2n+1p . The identifications ρ :S2n+1 → PnC and α :S2n+1 → L2n+1p are given by
multiplication by a complex number (by a complex number of norm one or by a pth root
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of one). The composition πα :S2n+1 → L¯2n+1p maps each fibre of ρ to a single point and
thus defines a map β : L¯2n+1p → PnC. It is also easy to check that β is bijective, and thus a
homeomorphism. ✷
3. The index of the S1-action
We will be using cohomology of the ˇCech type with coefficients in a ring R. For the most
part of the paper, R will be the ring Z of integers, but we will also make some comments in
the case when R is the ring Q of rational numbers. The ˇCech cohomology has a continuity
property which says that if a cohomology class vanishes on a closed set, then it vanishes
on a neighborhood of this set.
The concept of index of a group action on a space was first defined by Yang in [6] for
free involutions. The Yang index is an integer; it is the cup-height of the characteristic class
of the involution. The concept of index was later extended to more general group actions.
Fadell and Husseini [2] defined the index for an arbitrary action of a compact Lie group
G on a space; in this generalized sense the index is an ideal in the cohomology ring of the
classifying space of G (compare also [4]).
An integer-valued index can be defined in a similar way for other groups whose
classifying space is similar to that of G= Z2. For free circle actions it is defined as follows.
A space X with a free action of S1 is a principal S1-fibre bundle over the orbit space
X=X/S1. The universal bundle for S1 has the infinite dimensional sphere S∞ as the total
space, with the standard S1-action. Its orbit space, the infinite complex projective space
P∞C, is a classifying space for S1. The cohomology ring H ∗P∞C is isomorphic to Z[c],
where c ∈ H 2(P∞C) is the characteristic class of the bundle S∞ → P∞C, i.e., the 1st
universal Chern class. If X is space with a free action of S1, we will denote by cX ∈H 2X
the characteristic class of the action; i.e., cX is the image of c ∈ H 2P∞C under the map
H ∗P∞C→ H ∗X induced by a classifying map X→ P∞C. The index, IndS1(X), is the
largest integer n (if it exists) such that (cX)n = 0. Thus the index of S2n+1 with the standard
circle action (defined by scalar multiplication) is n.
Remark. The standard scalar multiplication action of Z2 ∼= S0 on spheres Sn (the real
case) and of S1 on odd-dimensional spheres S2n+1 (the complex case) have their analogue
in the quaternionic case; it is the scalar multiplication action of S3 on spheres of dimension
4n+3. The classifying space for S3 is the infinite quaternionic projective space P∞H. The
cohomology ring H ∗P∞H is isomorphic to Z[p], where p ∈H 4P∞H is the 1st universal
Pontryagin class. The index of an S3-action can be defined just as the index of an S1-action
(comp. [3]). It might seem, therefore, that the ideas of this paper might be extended to
actions of S3 on lens spaces of dimensions 4n+3. However, this is not so since, in contrast
to the real and complex cases, there is no free action of S3 on such lens spaces, even in the
case of n= 1. Indeed, a free action of S3 on L3p would have just one orbit which would be
homeomorphic to S3; but L3p  S3. It is just a coincidence that L1p ∼= S1.
128 J. Jaworowski / Topology and its Applications 123 (2002) 125–129
To simplify the notation we will write cL := cL2n+1p .
Theorem 1.
(1) For R = Z, the characteristic class of the bundle π :L2n+1p → PnC is cL = p · e2,
where e2 ∈H 2nPnC is the generator; and IndS1(L2n+1p )= n.
(2) For R = Q, the Gysin sequence of the bundle π :L2n+1p → PnC is isomorphic to
that of the Hopf bundle π :S2n+1 → PnC and so the rational S1-index of L2n+1p is
also n.
Proof. If π :X→X is a principal S1-bundle then the Gysin sequence of p is as follows:
0 −→ H 1X π∗−→H 1X τ−→H 0X ·cX−→H 2X π∗−→ · · ·
·cX−→ Hj−1X π∗−→Hj−1Lp τ−→Hj−2X ·cX−→HjX π
∗−→HjX τ−→ · · · .
In this sequence ·cX is the cup product with the characteristic class and τ is the
“integration along the fibre”.




∼=H2n+1L2n+1p ∼= Z, H2i−1L2n+1p ∼= Zp for 0 < i  n;
and HjL2n+1p = 0 in the remaining dimensions (see [1,5]). Thus the cohomology groups
of L2n+1p (with integer coefficients) are
H 0L2n+1p ∼=H 2n+1L2n+1p ∼= Z,
H 2iL2n+1p ∼= Ext
(
H2i−1L2n+1p ,Z
)∼= Ext(Zp,Z)∼= Zp for 0 < i  n,
and are zero in the remaining dimensions.
For the bundle π :L2n+1p → PnC with X = PnC, the Gysin sequence begins with zeroes,
breaks up into short exact sequences
0 τ−→H 2i−2PnC ·cL−→H 2iPnC π
∗−→H 2iPnC τ−→ 0, 1 < i  n,
and ends with 0 π
∗−→ H 2n+1L2n+1p
τ∼= H 2nPnC→ 0. The short exact sequences in the
middle are isomorphic to 0 → Z ·p−→ Z→ Zp → 0, the second arrow being multiplication
by p. This proves part (1) of the theorem.
In the same Gysin sequence, but written with rational coefficients, HjL2n+1p = 0
for all 0 < j < 2n + 1, so that the sequence reduces to a sequence of isomorphisms
·cL :H 2i−2PnC∼=H 2iPnC. This proves part (2). ✷
4. Maps of lens spaces into representation spaces for S1
The Z2-index of a space X with an involution α :X→ X is used in proving Borsuk–
Ulam–Yang type theorems. Given a map f :X→Rk of X into a Euclidean space Rk , such
theorems give information about the size of the antipodal coincidence set A(f )= {x ∈X |
f (α(x))= f (x)}.
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If G is a compact Lie group acting on a space X, if V is a representation space for
G and if f :X → V is a equivariant map then the index of X can be used to obtain
information on the set of zeroes of f . If the map f is not necessarily equivariant, we
can use an averaging construction to replace it by an equivariant map (compare [3]): for
any map f :X → V we define an equivariant map Avf :X → V so that Avf = f if f
is equivariant. Extending the concept of antipodal coincidence set A(f ) for spaces with
involutions, we define A(f )= (Avf )−1(0). In other words, A(f ) is the union of the orbits
where the average of f is zero (“balanced orbits”, comp. [3]). In particular, for lens spaces
L2n+1p with S1-actions defined above we obtain results analogous to those which hold for
the standard circle actions on odd-dimensional spheres.
Borsuk–Ulam–Yang Theorem. Suppose that f :L2n+1p →Ck is a map. Then
IndS
1
A(f ) n− k.
In particular, in terms of covering dimension, dimA(f )= dimA(f )+ 1 2(n− k)+ 1.
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